We propose a highly efficient dynamic nuclear polarization technique that is robust against field inhomogeneity. This technique is designed to enhance the detection sensitivity in nano-MRI, where large Rabi field gradients are required. The proposed technique consists of an adiabatic half passage pulse followed by an adiabatic linear sweep of the electron Rabi frequency and can be considered as an adiabatic version of nuclear orientation via electron spin locking (adiabatic-NOVEL). We analyze the spin dynamics of an electron-nuclear system that is under microwave irradiation at high static magnetic field and at cryogenic temperature. The result shows that an amplitude modulation of the microwave field makes adiabatic-NOVEL highly efficient and robust against both the static and microwave field in-homogeneity.
I. INTRODUCTION
Dynamic nuclear polarization (DNP) is a powerful technique in nuclear magnetic resonance (NMR) spectroscopy that enhances the signal to noise ratio. DNP transfers the magnetization from highly polarized spins, such as electrons, to spins with low polarization, such as protons, or from abundant spin species to dilute spin species [1] [2] [3] . Since the early invention of DNP in 1950s [4, 5] , there have been extensive applications such as reactions in bio-molecular chemistry and enhancing image contrast in MRI [6] [7] [8] [9] .
Magnetic resonance imaging (MRI) is a spin based spectroscopy technique that is widely used for studying molecular, chemical and structural properties of biological systems such as human body [10, 11] . There have been a significant interest to extend the MRI capability to nanometer scale (nano-MRI) in order to obtain information about nano-size biological structures such as viruses and inter-cell elements [12] [13] [14] [15] [16] [17] [18] [19] [20] . Despite considerable advancements, it is still a significant challenge in the field to obtain a high resolution image of nanometer size spin ensemble, due to both relatively low magnetic moment of nuclear spins and small sample size. One way of increasing the detection sensitivity of nano-MRI is to incorporate a novel DNP method to initialize a nanometer size spin ensemble and use it as a sample preparation step for the imaging [11] . Since large field gradients are often an integral part of the imaging process, the DNP technique of interest needs to be robust against magnetic field variation across the sample.
Microwave induced DNP methods, regardless of their diversity, can be categorized into two groups: Incoherent processes, such as Overhauser effect and solid effect [4, 5, 21] , and coherent processes, such as the cross polarization (CP) between unlike nuclear spins [22, 23] and the electron-nuclear cross polarization (eNCP) [24] . In an incoherent DNP process, a continuous microwave irradiation with the assistance of thermal relaxations drives the electron-nuclear spin system * rannabes@uwaterloo.ca † msmirkam@uwaterloo.ca ‡ rbudakian@uwaterloo.ca towards a new quasi-equilibrium state where the nuclear spin signal is ideally enhanced by a factor of γ e /γ n (= 660 in case of protons). In practice, the microwave irradiation may simultaneously excite various DNP pathways that polarize the nuclear spin in opposite directions. As a result, the net DNP enhancement is suppressed. One solution is to increase the static magnetic field to isolate the competing DNP pathways. However, that give rise to a second challenge [25] . The microwave induced transition rates are in inverse relation with the static field strength, such as B [24, 26] . Therefore, increasing the static field reduces the efficiency of incoherent DNP processes. Moreover, the rate of polarization buildup can be very slow, because the microwave induced saturation rates are competing with the thermal relaxation rates.
In a coherent DNP process the frequency and the amplitude of the microwave and/or RF fields are controlled such that the energy of the polarizing agent in the rotating frame of the pulse becomes on resonance with that of the target spin. This leads to an optimal coherent polarization exchange process between the two spins, that is mediated by their spin-spin interaction. In 1962, Harman and Hahn pioneered this energy matching DNP mechanism [27] , and since then, the method has been adopted in several experiments, such as nuclear orientation via electron spin locking (NOVEL) [22] [23] [24] [28] [29] [30] . The polarization transfer of a coherent DNP process can occur very quickly. In NOVEL, for instance, the transfer rate is determined by the inverse of the hyperfine coupling strength, which can be in the order of tens of MHz. However, NOVEL is very sensitive to deviations from the energy matching condition. In particular, when there is a significant field distribution across the spin ensemble, as often is the case in nano-MRI, only a fraction of electrons would effectively exchange their polarization with their surrounding nuclear spins. As a result, the net DNP enhancement is significantly reduced.
In this work, we look for a fast coherent DNP method to hyperpolarize a nano-scale spin ensemble to use as an initialization step for magnetic resonance force detection microscopy (MRFM). In this nano-MRI technique, the interaction between a time-dependent magnetic field gradient and the spin ensemble creates an oscillating force, that is detected through an opto-mechanical system [31] . This device can operate at high field (a few Tesla) and at cryogenic temperature (300 mK), where the electron's state is almost fully polarized. In addition, it generates very strong time dependent microwave field (1-100 MHz) at high frequency (MHz-GHz). Therefore, the MRFM device of interest is an ideal test bed for implementing NOVEL at high field to achieve hyperpolarization. However, since large field gradients (10 6 T/m) are the integral components of the imaging process, the conventional NOVEL is not a suitable candidate, but a modification of that can be.
We propose an adiabatic version of NOVEL (adiabatic-NOVEL), where the amplitude of the Rabi frequency is linearly modulated over a wide range. We analyze the spin dynamics of an electron-nuclear coupled system for two cases of a constant and a time-varying Rabi field. We conclude that an amplitude modulation of the microwave field makes the proposed DNP technique highly efficient and very robust against field in-homogeneity. We show that the adiabatic-NOVEL, which is designed primarily for dealing with field gradients, dramatically improves the performance of NOVEL even in the absence of any field distribution.
The idea of modulating the amplitude of the irradiating field has been studied both theoretically and experimentally for the case of unlike nuclear spins [32] [33] [34] . However, it has not been explored for the electron-nuclear case, until very recently [34, 35] . The authors well explained the high efficiency of adiabatic-NOVEL, and as complementary, our work analyzes the robustness of this DNP technique against field inhomogeneity which is of great importance for nano-MRI applications.
II. EXPERIMENT
In this section, we provide an overview of the hyperpolarization experiment, and later in section. III, we analyze the spin dynamics and elaborate on the underlying physics.
Consider an electron-nuclear spin system in the presence of a static magnetic field, B 0ẑ . In nuclear orientation via electron spin locking (NOVEL) method, a transverse microwave field, B 1x is irradiated on resonance with the electron Zeeman frequency, locking the electron to the rotating frame of the pulse. The intensity of the pulse is chosen such that the electron Rabi frequency (ω 1e = γ e B 1 ) in the rotating frame is on resonance with the nuclear larmor frequency (ω 0n = γ n B 0 ) in the lab frame. Thus,
Under the above energy matching condition, the electron comes in contact with the coupled nuclear spin. As a result the polarization exchange rate between the the two spins, that is due to their spin-spin interaction, is optimized. This electronnuclear energy matching condition in a single spin rotating frame resembles the well known Hartman-Hahn condition for unlike nuclear spins in a double rotating frame [27] . In one hand, it is desirable to implement NOVEL at high field in order to start with a highly polarized electron. On the other hand, according to Eq.1, it brings a technical challenge for engineering a device that is capable of generating The schematic time line of adiabatic-NOVEL. It consists of an adiabatic rotation pulse with length T s followed by an adiabatic sweep of the Rabi field for a period of T sweep . Next, the microwave field is off for some time that is long enough in comparison with the electron thermal relaxation time, initializing the electron' state. The above steps are repeated N times such that the total DNP time is still less than the nuclear spin relaxation time.
very strong microwave fields at large frequencies (e.g. 10s of GHz). Furthermore, NOVEL is sensitive to the energy matching condition, as shown later in this report. In particular, when there is an unknown local magnetic field at the electron site that is comparable with the Rabi field, the polarization enhancement is reduced considerably. The extra local magnetic field could be due to field in-homogeneity or g-anisotropy of the lattice and etc. This sensitivity of NOVEL to the energy matching condition makes this DNP technique unsuitable candidate for nano-MRI applications, where field gradients are the essential ingredient of the imaging. Figure 2 schematically demonstrates a particular MRFM apparatus that was designed and engineered by [36] . It consists of a silicon nano-wire, which is an ultra-sensitive mechanical oscillator, and a metallic constriction, which is a current focusing field gradient source (CFFGS). The metallic constriction is capable of generating large time-dependent field gradients (∼ 10 6 T/m) over a large frequency bandwidth (DC-GHz). The variation of the field is done with high precision (0.05 T) which enables rapid spin manipulation and control [17, 36] . A fixed current passing through the CFFG results in a wide distribution of Rabi frequencies (e.g. 30 MHz-70 MHz) across the tip of the nano-wire (50 nm length). Consequently, at a fixed current, only a fraction of the spin ensemble can be in energy contact with their nearby electrons. Therefore, if we consider implementing the conventional NOVEL with this device, we should expect a poor efficiency because majority of spins do not effectively contribute to the DNP process. Here, we propose to apply a time-varying current instead.
We consider an adiabatic version of NOVEL. It consists of an adiabatic π 2 rotation pulse with length T s followed by an amplitude sweep of Rabi field for T sweep . The microwave field is then turned off for a period T off (Figure 1 ) and the whole process is repeated N times to optimize the DNP enhancement. For the analysis, it is convenient to treat the proposed DNP method as a two-phase process: the cross polarization and the spin diffusion. In the cross polarization phase [37] , the electron's state is spin locked to the microwave field's direction and the field's amplitude varies as ω 1e (t) ∈ {ω 0n − ∆ ω , ω 0n + ∆ ω}. During the sweep time, T sweep , the electron polarization is transferred to a group of coupled nuclear spins, whom we refer to as the nuclear cloud. In principle, one can design various ways of amplitude modulation but we choose the linear sweep to explain the basic principles. In particular, we consider ω 1e (t) = ω 0n − ∆ ω (2t/T sweep − 1), where the electron-nuclear cross polarization occurs near t * = T sweep 2 when the electron Rabi frequency is on resonance with the nuclear larmor frequency. In the spin diffusion phase [38] , the transferred polarization to the nuclear cloud diffuses across the sample by means of the homonuclear dipole-dipole interaction [38] [39] [40] [41] [42] . After the spin locking period, the microwave field is off for T off that needs to be much longer than the electron relaxation time, i.e., T off T 1e . During this period, the electron's state is rest to the thermally polarized state while the nuclear cloud polarization diffuses to the bulk. Note that the spin diffusion occurs at all times during the experiment. But, the diffusion rates are often much slower than the cross polarization rate and it is a fair approximation to neglect the diffusion during the spin locking period. We repeat the above process as much as possible with the constraint that
T 1n . This ensure us that the nuclear relaxation during the DNP process is not significant and the polarized ensemble is preserved for further imaging process.
We emphasize that the application of adiabatic-NOVEL is not limited to the cases with field in-homogeneity. As shown later, even under ideal condition when there is no field distribution, the adiabatic-NOVEL can achieve maximum polarization enhancement as opposed to the conventional NOVEL.
For implementation of adiabatic-NOVEL via MRFM imaging device, one should note that the Rabi frequency is a function of both the electron's location and time (i.e., ω 1e (z,t)). Therefore, in order to cover the Rabi field dispersion, one should choose ∆ ω wide enough so that all electrons across the sample have the chance to come in energy contact with their coupled nuclear spin. In other words, they all effectively contribute to the DNP process, although, the exact cross polarization time is different for individual electrons. Moreover, with the above MRFM device, it is not feasible to rotate all the electrons across the sample by a single hard pulse due to the variation in B 1 . Nevertheless, the authors of [43] have shown that an adiabatic sweep of both phase and the amplitude of the microwave field can rotate all electrons to the X-Y plane. These adiabatic pulses can be implemented very fast (a few ns) as shown in Appendix A.
For the proof-of-principle experiment, we consider a water sample with the thickness of 50 nm that covers 50 nm of the SiNW length. This spin ensemble contains N n = 4 × 10 7 protons that is expected to exhibit a very long relaxation time at 300 mK. Regarding the polarizing agent, there are a few candidates that can be considered. One may consider injecting paramagnetic centers into the the imaging solution. This benefits us in the sense that we have control over the electron density but it may introduce some limitations for the subsequent imaging procedure. For instance, the paramagnetic impurities can shorten the proton coherence time and/or generate a considerable local magnetic field that is an undesired field inhomogeneity across the sample. Both of these may introduce extra challenges into the imaging protocol. Alternatively, one can take advantage of the paramagnetic electron spins at the interface of Si and SiO 2 of the SiNW to play the role of the polarizing agents [44, 45] . These electrons are indeed dangling bonds, also known as Pb centers, that are produced as a result of lattice constant mismatch at the interface of Si/SiO 2 . Since these electrons are not inside the sample, we are not concerned about their influence on the imaging process, but, we have less control over their density and less certainty about their location or depth relative to the surface. One trade off between the above possibilities is to inject a layer of paramagnetic centers at the surface of SiNW and then coat it with the sample solution. This way, the polarizing agent are kept outside the target sample and their density is controllable. The latter is what we consider for the rest of the analysis.
III. THEORY
In this section, we provide a theoretical description of the spin dynamics during the cross polarization phase. For the numerical estimation we consider cryogenic temperature (T = 300 mK) and a relatively strong static field (B 0 = 1.2 T ). Under this condition, the electrons are 98% polarized and the protons are 0.3% polarized. Thus, it is a good approximation to consider the initial state as
2 k after applying a π/2 rotation pulse. At this field, the corresponding electron and nuclear larmor frequencies are ω 0e = 33 GHz and ω 0n = 51 MHz respectively. The state of-the art metallic constriction that is engineered for sensitive nano-scale imaging is capable of generating very strong Rabi field (such as 50 MHz) at large frequencies (such as 33 GHz), and so, is ideal for implementing the adiabatic-NOVEL.
A. Interaction Model
Consider a system of an unpaired electron, S = 1 2 , interacting with one nuclear spin, I = 1 2 . In the presence of a static magnetic field, B 0 , a microwave field with amplitude 2B 1 and frequency ω c , and in the absence of any chemical shift anisotropy and/or g anisotropy, the spin Hamiltonian of an electron-nuclear coupled system in the lab frame is
where r = (R, θ , ϕ) is the inner distance vector between the electron and the nuclear spin written in the Zeeman frame, γ e (or γ n ) is the electron (or the nuclear) gyromagnetic ratio, µ 0 is the vacuum permeability andh = 1. The first four terms of H lab are due to the interaction between the spin system and the external magnetic fields and the last two terms is due to hyperfine interaction which consists of a dipole-dipole interaction and a Fermi contact term [2] . At relatively large static field, the electron Zeeman interaction is the dominant term in the Hamiltonian. Therefore, it is valid to do a pseudo-secular approximation where only those terms of H lab are considered that commute with S z ⊗ 1. Furthermore, after rotating wave approximation [46] , the Hamiltonian in the rotating frame of the pulse becomes
where δ ω = ω 0e −ω c is the Zeeman off-resonance with ω 0e = γ e B 0 and ω 1e = γ e B 1 being the electron larmor and Rabi frequency respectively. Here, A and C are the hyperfine parameters given by
Since the S z ⊗ I x or the S z ⊗ I y term of the hyperfine Hamiltonian induce transition between the Zeeman energy levels of the nuclear spin, we refer to A as the energy mixing parameter. Similarly, we refer to C as the energy shifting parameter because the S z ⊗ I z term shifts the energy of the nuclear spin. Note that the hyperfine coupling strength scales with the inverse cubic of the electron-nuclear distance.
B. Energy Mixing
In this section, we study the contribution of the energy mixing parameter into the cross polarization phase of the adiabatic-NOVEL. In the next section, the contribution of the energy shifting parameter is also included either as a perturbing Hamiltonian or as a strong local magnetic field.
We expand the Hamiltonian in Eq.3 in
Here, we consider an on resonance microwave irradiation, i.e., δ ω = 0, and without loss of generality, we choose a coordinate that ϕ = 0. In this basis, one can decompose the Hilbert space as a direct sum of two subspaces: The Double Quantum subspace (DQ) and the Zero Quantum subspace (ZQ),
Each of the above subspaces can be considered as a pseudo- 
Given the above definitions, one can re-write Eq. 5 as
Since H 0 is block diagonal, one can diagonalize each subspace separately. We denote the eigenbasis of the DQ subspace with {|Ψ + , |Ψ − } and the eigenbasis of the ZQ subspace with {|Φ + , |Φ − } with the corresponding eigenenergies
,
Similarly, one can write the initial density matrix in terms of the above defined Pauli operators. After a π 2 rotation, the state of a polarized electron interacting with an unpolarized nuclear spin is given by ρ 0 = | ↑ ↑ | X ⊗ 1 2 , which can be expanded as
Thus, the initial state of interest has 50% polarization in the DQ subspace and 50% polarization in the ZQ subspace and each subspace evolves according to its own Hamiltonian (H DQ or H ZQ ). Moreover,
The above relations imply that the electron polarization in the rotating frame is a sum of the polarization in the DQ subspace and that of the ZQ subspace, whereas, the nuclear polarization is the difference between the two. In the case of conventional NOVEL, the electron Rabi frequency is constant, ω 1e ∼ ω 0n , and so, the evolution operator is given by
Here, the ψ = tan −1 [
] are the quantization angles in the DQ and the ZQ subspace respectively. Given the initial state, ρ 0 and the unitary, U, the nuclear magnetization evolves as
Consider an intermediate hyperfine coupling limit where
(ω 1e + ω 0n ), and so, ψ ∼ 0 and φ ∼ π 2 . In this limit, the electron-nuclear interaction is too weak to mix the population of energy levels in the double quantum subspace. As a result, the 50% polarization of the DQ subspace in Eq. 13) remains steady and does not contribute to the polarization transfer process. But, the coupling is strong enough to induce transitions between the energy levels in SQ subspace. Thus, the 50% polarization of the ZQ subspace experiences an oscillation between the electron and the nuclear spin. Therefore, on average and under ideal conditions, the conventional NOVEL results in a 50% enhancement of the nuclear polarization. We consider the intermediate coupling limit because the MRFM apparatus can generate ω 1e + ω 0n ∼ 100 MHz which is much stronger than the hyperfine coupling of a typical proton at a distance of 2 A 0 from the electron ( A 2 ∼ 5 MHz). In the case of adiabatic-NOVEL, the amplitude of the Rabi field is not constant in time, but rather varies linearly as ω 1e (t) − ω 0n = ∆ ω (2 t/T Sweep − 1). In fact, the electron is spin locked to a microwave field with a fixed direction but with a variable amplitude. Like before, in the limit of intermediate hyperfine coupling, the contribution of the DQ subspace to the polarization transfer process is negligible. Thus, we elaborate on the spin dynamics in the the ZQ subspace. Consider the Span{|0 := | ↑⇓ , |1 := | ↓⇑ } as a pseudo-spin half system.
The corresponding ZQ Hamiltonian is
• The ZQ subspace of an electron-nuclear system resembles the Landau-Zener effect for a single spin [47] . According to this effect, if we start from a state | ↑⇓ and evolve it, using Eq. 14, the probability of it remaining in that state is:
where
where s = t T sweep is a dimensionless parameter with T sweep being the total sweeping time. From the above relation we see that when the sweeping rate is very slow in comparison with the hyperfine mixing parameter, A 2 , one can make this transition very negligible and adiabatically convert all the population in the | ↑⇓ state to the | ↓⇑ state. This is a great advantage over the conventional NOVEL where the polarization coherently oscillates between the electron and the nuclear spin. There, the average polarization enhancement is reduced at least by a factor of 1 2 . The high efficiency of adiabatic-NOVEL stems from the fact that one can adiabatically transfer all the electron polarization to the coupled nuclear spin. Figure 5 compares the performance of these two NOVEL techniques (constant vs time-dependent Rabi field) for two cloud size of k = 1 and k = 4 coupled nuclear spins.
For realization of adiabatic-NOVEL, one should choose the sweeping rate wisely. At a certain sweeping rate, ∆ ω/T Sweep , different nuclear spins with different coupling strengths acquire different polarization enhancements, as the simulation in Fig.6 shows. For the MRFM application, the choice of the sweeping bandwidth, ∆ ω is constrained by the the width of the Rabi field distribution across the sample. Thus, according to Eq. 15, the only control parameter is T sweep . One can choose a very long sweeping time so that even the weakly coupled nuclear spins exchange their polarization with the electron effectively. However, the choice of sweeping time is not arbitrary due to a few constraints. First, the sweeping rate must be fast enough so that the electron relaxation during the spin locking is negligible. Second, it must be slow enough so that at least a few nearby coupled protons contribute to the cross polarization. Therefore, The final remark is that in the limit of very strong hyperfine interaction where A ∼ (ω 1e + ω 0n ), the mixing of energies in the double quantum subspace is no longer forbidden. As a result, the net polarization enhancement is suppressed considerably. The reason is that according to Eq. 11, the ZQ and the DQ subspaces contribute to the nuclear polarization enhancement in opposite directions. Nevertheless, the MRFM imaging device of interest avoids this scenario because it operates at high field, (ω 0n ∼ 50 − 100 MHz) and generates strong microwave fields (ω 1e ∼ 30 − 100 MHz). Therefore, the protons that are at a distance of 2 A 0 or further from the electrons have a hyperfine coupling much smaller than ω 0n + ω 1e .
C. Energy Shifting
So far, the H 1 = C S z ⊗ I z term of the hyperfine interaction has not been included in the analysis. In the case of a weak energy shifting interaction, where C A and ω 0n (or ω 1e ), we treat H 1 as a perturbing Hamiltonian. According to the FermiGolden rule, H 1 will induce transition between the states |Ψ ± and |Φ ± of the unperturbed Hamiltonian, H 0 , with the corresponding rates
According to Eq.11, the nuclear polarization is proportional to the difference of polarization between H DQ and H ZQ and the above induced transitions mixes the population between the two subspaces. Therefore, a non-zero value of energy shifting interaction (C = 0) acts as a polarization leakage that reduces the net polarization enhancement.
In the limit of (ω 1e − ω 0n )
. Since we assumed C ω 0n or ω 1e , the above leakage rates are negligible. This argument is valid for both constant Rabi field and an adiabatically modulated Rabi field. In the former, the leakage rates are constant in time whereas in the latter they are time-dependent functions. In particular case of adiabatic-NOVEL, when the time varies as t = 0 → t * → T Sweep , with t * being the cross polarization time, the leakage rates approximately scale as
Therefore, when the energy shifting term is small relative to the Rabi field, the polarization leakage rates are negligible for both the conventional NOVEL and the adiabatic-NOVEL.
We numerically evaluate the net polarization enhancement acquired through conventional NOVEL for wide range of energy mixing and energy shifting parameters and plot the result in Fig.7 . It shows that this technique is very sensitive to the variation of C, particularly when A ω 0n . That sensitivity can be explained with the above model. In the intermediate limit of A, a small C leads to a polarization leakage by scrambling the population between the ZQ and the DQ subspaces. In the limit of strong energy shifting interaction, where C ≥ ω 1e (or ω 0n ), coupling to the nuclear spin creates a considerable local magnetic field at the electron site that is comparable to the electron Rabi frequency. In that case, the previous perturbation theory approach is not valid anymore. This strong coupling to the nearby nuclear spins can be treated as an effective magnetic filed at the electron site as,
where + or the − sign depends on the nuclear state being | ⇑ or | ⇓ . In the next secition, we study the effect of an extra local magnetic field on the DNP performance, where a strong energy shifting interaction can be considered as a particular example. The goal of the simulation in Figure 8 is to compare the efficiency and robustness of the adiabatic-NOVEL with that of the conventional NOVEL. We consider a depolarized proton interacting with a fully polarized electron that is prepared along the X direction. The hyperfine mixing parameter is chosen in the intermediate regime so that the contribution of the DQ subspace is negligible (black and purple). We calculate the final polarization of the nuclear spin acquired via NOVEL and plot it for various strengths of the energy shifting term. The result shows that one can ideally achieve 100% polarization transfer by means of an adiabatic amplitude modulation of the Rabi field as opposed to 50 % in case of a constant Rabi field. Furthermore, the adiabatic-NOVEL is much more robust to the variation in local magnetic field's strength. Even in the limit of strong energy mixing term (blue and red) where the efficiency of the adiabatic-NOVEL is close to that of the conventional NOVEL, the former is much more robust against undesired local interactions. 
D. Robustness Against Local Magnetic Field
In addition to the external static field, there is often an extra local magnetic field at the electron site due to various reasons such as chemical shift anisotropy, g−anisotropy, field inhomogeneity and interaction with other spins in the lattice. In this section, we show that the adiabatic-NOVEL is very robust against local magnetic fields in comparison with the conventional NOVEL. To explain the concept, we consider a simple example where the local interactions result in an extra term δ ω 0 S z ⊗ 1 in the Hamiltonian in Eq.3. That corresponds to a shift in the electron resonance frequency, ω 0e → ω 0e + δ ω 0 , but since its amount is not known and it might vary across the sample, we cannot resolve the issue by a simple shift to the microwave resonance frequency. We simplify the discussion by considering this particular local field but the same argument can be extended to a more complicated local magnetic field.
When δ ω 0 = 0, in the rotating frame of the pulse, the electron is spin locked to an effective field along the x axis, that has an angle θ s with the Rabi field's direction, x, x = cos θ sx + sin θ sẑ where tan θ s := δ ω 0 ω 1e (18) We re-write the Hamiltonian in Eq.3 in a basis that the electron's axis is rotated by θ s . i.e., in {| ↑ x , | ↓ x } ⊗ {| ⇑ Z , | ⇓ Z } basis we obtain,
Here, H 0 contains the first three terms and its structure is similar to H 0 in Eq.5. Therefore, the corresponding eigenenergies are similar to Eq.9 except that the ω 1e is replaced with the ω eff and the A with the A cos θ s . The last three terms of Eq.19 are represented by H 1 that is treated as a perturbation and is neglected for now but will be included later.
In case of conventional NOVEL and in the presence of an extra local field with δ ω 0 = 0, the polarization exchange between the electron and the coupled nuclear spin is not optimized at the resonance condition, ω 1e = ω 0n . First, there is an energy mismatch ∆ E = (δ ω 0 ) 2 + ω 2 1e − ω 0n between the electron and the nuclear spin, and second, their effective energy mixing interaction is now replaced as A → A cos θ s . As a result, the polarization exchange rate is reduced at least by a factor of cos θ s ∆ E . This explains the result in Figure 7 since a strong energy shifting parameter acts as a local magnetic field and that leads to a significant reduction in the polarization enhancement.
In case of adiabatic-NOVEL, when δ ω 0 = 0, the electron is spin locked to the microwave field that has a fixed directionx but its amplitude is varying by time. Whereas, in the presence of a considerable local magnetic field with δ ω 0 ≤ ω 1e , the electron is spin locked to an effective field, γ e B eff = ω 1e (t)x + δ ω 0ẑ . Thus, both the amplitude and direction of locking field are variable in time. However, the change occurs adiabatically. Therefore, one can assume that at each instance of time, the electron instantaneous locking axis isx (t), that has an angle θ s (t) with the microwave field's direction. Note that the electron instantaneous basis, {| ↑ x (t) , | ↓ x (t) }, the effective field angle θ s (t) and the effective Rabi frequency ω eff (t) are all time-dependent functions. This time dependency of the electron Rabi frequency implies that the electron' effective Rabi frequency can be in energy contact with the nuclear larmor frequency at some point during the sweep. In fact, the existence of an undesired local magnetic filed is now translated to a shifting in the cross polarization time as,
In other words, a δ ω = 0 is no longer equivalent to a violation of the Hartman-Han condition but rather just a shift in the polarization crossing time. The above argument explains the numerical result presented in Fig.9 , where a local field as large as C = 0.5ω 0n leads to a shift in the cross polarization time of adiabatic-NOVEL with a 1% reduction in the DNP enhancement. That cause of that reduction is explained in the following. The H 1 of Eq.19 was neglected so far. Similar to the previous section, we treat this term as a perturbing Hamiltonian that leads to a polarization leakage. One can compute the transitions between the eigenstates of H 0 in ZQ subspace({ Ψ ± }) and that of the DQ subspace ({ Φ ± }) to obtain
In case of adiabatic-NOVEL, the above relations are a set of time dependent transition rates. We numerically evaluate them by replacing ω 1e → ω 1e (t) from Eq.21 and plot the result in Fig.10 . We observe that right at the crossing point, where the electron energy matches the nuclear energy, the leakage between | Ψ ± ↔ | Φ ∓ is suppressed and| Ψ ± ↔ | Φ ± is maximized. We also observe that even for a large local field such as δ ω 0 = 0.5 ω 0n , the leakage rate between the DQ and the ZQ is still very small but the cross polarization point is shifted to some time earlier as we expect. With further increase of the local field (e.g., C = ω 0n in Figure 9) , at some point the reduction the polarization leakage is not negligible anymore and the scrambling of population between the DQ and the ZQ subspaces significantly affects the net enhancement. But, for the MRFM application, a local interaction as strong as ω 0n = 51 MHz is very unlikely to happen. Therefore, for high field implementation of adiabatic-NOVEL, this DNP technique is highly robust and highly efficient.
IV. DIFFUSION
In previous sections, we analyzed the polarization enhancement during the first round of the cross polarization phase. In this section, we include the spin diffusion phase and discuss the enhancement rate in subsequent iteration of the experiment.
At the end of the spin locking period, the microwave field is off for a relatively long time so that the electron is reinitialized to the Boltzmann state, T off T 1e . During this time, the transferred polarization to the nuclear cloud diffuses to the other protons inside the sample by means of dipole-dipole interaction. Given the average distance between any two protons inside the sample, a, and given the spin decoherence time, T 2 , the diffusion constant is estimated as D ∼ = a 2 50T 2 [48] . For water, a = (ρ n ) −1/3 0.32 nm and the decoherence time can be upper bounded by the time constant of the flip-flop transition, which is estimated as T dip = 1 |H dip | 0.2 ms. Thus, D 1.8 × 10 −14 cm 2 /s. Therefore, it takes approximately T diffus 100 s for a local polarization at the surface of the nano-wire, that is induced during the cross polarization phase, to distribute over the bulk and reach the end of the sample at 50 nm away from surface.
Consider an ideal situation where in the first round of the adiabatic-NOVEL, the electron is fully depolarized and that polarization is transferred to a cloud of k nuclear spins near the surface. For the second round, if there is no spin diffusion, the entropy difference between the fully polarized electron and the partially polarized nuclear cloud decreases. Therefore, the rate of polarization transfer to the cloud in subsequent rounds decrease monotonically.
In this case, the polarization of an average nuclear spin inside the cloud would reach the electron's polarization only in the asymptotic limit and the bulk is not polarized at all. In the other extreme limit, when the diffusion is almost instantaneous, the local polarization of the cloud distributes across the sample almost immediately. Under this unrealistic assumption, after a few iterations when the bulk obtains considerable polarization, the rate of information flow from the cloud to the bulk decreases monotonically. Thus, similar to the case of zero diffusion, an average nuclear spin inside the cloud would be fully polarized only in the asymptotic iteration of the experiment. In practice, the diffusion rate is neither instantaneous nor zero. Moreover, the number of times we repeat the experiment, N * , is limited by nuclear relaxation time, because we require the polarized sample last long enough in order to do imaging afterwards. Therefore, the accumulated nuclear polarization during N * repetition is
whereP cloud (r) represents the average nuclear polarization of protons inside the cloud at the r th round and p e is electron thermal polarization.
The Figure.11 simulates the above discussion. We considered two relaxation processes in addition to the coherent dynamics: One that polarizes the electron at rate (T 1e ) −1 = Γ 1e and another than depolarizes the nuclear spins in the cloud at rate Γ 1bulk . The former models the electron's relaxation process that pump out the entropy from the system. The latter models the flow of information from the cloud to the bulk which depends on both the diffusion rates and the nuclear relaxation time. The result shows that the enhancement rate in subsequent iteration of the experiment is limited by 
V. CONCLUSION
In this work, we proposed an adiabatic version of nuclear orientation spin locking as a coherent DNP technique to hyperpolarize a nano-scale ensemble of nuclear spins. We analyzed the spin dynamics of an electron-nuclear under pulsed microwave irradiation. We compared the nuclear polarization enhancement for two cases of a constant Rabi field versus and a time-varying Rabi field. The result shows that with an adiabatic amplitude modulation of the microwave field, one can significantly improve the efficiency of NOVEL. Furthermore, we showed that the adiabatic -NOVEL is very robust against variation in local magnetic field. In particular, a deviation from the energy matching condition acts as a shift in the cross polarization time. For proof-of principles, we considered a linear amplitude modulation but one can extend this idea for both amplitude and frequency modulation with a non-linear time dependency.
We propose to use adiabatic-NOVEL as a sample preparation step for MRFM imaging to significantly enhance the image resolution. Adiabatic-NOVEL is fast, efficient and robust against field in-homogeneity, and therefore, is ideal for this particular application. Furthermore, the state-of-the art imaging device can operate at high static field, at low temperature and generates very strong microwave field with high precision of field control that are all ideal for implementing adiabatic-NOVEL. The presented theoretical analysis are in general but the numerical simulations were done for a particular MRFM set-up.
